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ABSTRACT
A non-zero mutual information between morphology of a galaxy and its large-scale environ-
ment is known to exist in SDSS upto a few tens of Mpc. It is important to test the statistical
significance of these mutual information if any. We propose three different methods to test
the statistical significance of these non-zero mutual information and apply them to SDSS and
Millennium Run simulation. We randomize the morphological information of SDSS galaxies
without affecting their spatial distribution and compare the mutual information in the original
and randomized datasets. We also divide the galaxy distribution into smaller subcubes and
randomly shuffle them many times keeping the morphological information of galaxies intact.
We compare the mutual information in the original SDSS data and its shuffled realizations
for different shuffling lengths. Using a t-test, we find that a small but statistically significant
(at 99.9% confidence level) mutual information between morphology and environment exists
upto the entire length scale probed. We also conduct another experiment using mock datasets
from a semi-analytic galaxy catalogue where we assign morphology to galaxies in a con-
trolled manner based on the density at their locations. The experiment clearly demonstrates
that mutual information can effectively capture the physical correlations between morphology
and environment. Our analysis suggests that physical association between morphology and
environment, may extend to much larger length scales than currently believed and the infor-
mation theoretic framework presented here, can serve as a sensitive and useful probe of the
assembly bias and large-scale environmental dependence of galaxy properties.
Key words: methods: statistical - data analysis - galaxies: formation - evolution - cosmology:
large scale structure of the Universe.
1 INTRODUCTION
The role of environment on galaxy formation and evolution is one
of the most complex issues in cosmology. The present day Uni-
verse is filled with billions of galaxies which are distributed across
a vast network namely the ‘cosmic web’ (Bond et al. 1996) that
stretches through the Universe. This spectacular network of galax-
ies is made up of interconnected filaments, walls and nodes which
are encompassed by vast empty regions. The galaxies broadly form
and evolve in these four types of environments inside the cosmic
web. One can characterize the environment of a galaxy with the
local density at its location. The role of local density on galaxy
properties is well studied in literature (Oemler 1974; Dressler 1980;
Goto et al. 2003; Davis & Geller 1976; Guzzo et al. 1997; Zehavi
et al. 2002; Hogg et al. 2003; Blanton et al. 2003; Park et al. 2005;
Einasto, et al. 2003a; Kauffmann et al. 2004; Mouhcine et al. 2007;
Koyama et al. 2013; Bamford et al. 2009). It is now well known
that the galaxy properties exhibit a strong dependence on the local
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density of their environment. However the role of large-scale envi-
ronment on the formation and evolution of galaxies still remains a
debated issue.
The growth of primordial density perturbations leads to col-
lapse of dark matter halos in a hierarchical fashion. It is now widely
accepted following the seminal work by White & Rees (1978) that
galaxies form at the centre of the dark matter halos by radiative
cooling and condensation. One of the central postulates of the halo
model (Neyman & Scott 1952; Mo & White 1996; Ma & Fry 2000;
Seljak 2000; Scoccimarro & Sheth 2001; Cooray & Sheth 2002;
Berlind & Weinberg 2002; Yang, Mo & van den Bosch 2003) is
that the halo mass determines all the properties of a galaxy. But
this need not be strictly true. The halos are assembled through ac-
cretion and merger in different parts of the cosmic web. Different
accretion and merger histories of the halos across different environ-
ments leads to assembly bias (Croton, Gao & White 2007; Gao &
White 2007; Musso, et al. 2018; Vakili & Hahn 2019) which man-
ifests in the clustering of these halos. The early-forming low mass
halos in simulations are found to be more strongly clustered than
the late-forming halos of similar mass.
The presence of beyond halo mass effect in observations, is a
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matter of considerable debate due to conflicting results obtained
by various studies on galactic conformity and assembly bias. A
study (Zehavi, et al. 2011) of the colour and luminosity depen-
dence of galaxy clustering in SDSS find that most observed trends
can be explained by halo occupation distribution (HOD) modelling
within a ΛCDM cosmology. Alam, et al. (2019) study the depen-
dence of clustering and quenching on the cosmic web using SDSS
and show that the observed cosmic web dependence in the SDSS
can be largely explained by HOD modelling without introducing
any galaxy assembly bias. Yan, Fan & White (2013) show that the
galaxy properties do not depend on the tidal environment of the
cosmic web. Paranjape, Hahn & Sheth (2018) show that any ob-
served dependence of galaxy properties on the tidal environment
can be traced to those inherited from the assembly bias of their
parent halos and additional effects of large-scale environment must
be weak. Lin, et al. (2016) analyze the clustering of early and late
forming halo samples using SDSS and find no significant evidence
for assembly bias. Abbas & Sheth (2007) show that environmental
effects are also present in Poisson cluster models and the halo bias
in these models are surprisingly similar to the standard models of
halo bias (Mo & White 1996). A number of observations suggest
that the properties of satellite galaxies are strongly correlated with
the central galaxy (Weinmann et al. 2006; Kauffmann et al. 2010;
Wang et al. 2010; Wang & White 2012). Tinker, et al. (2017) study
the effect of halo formation history on quenching process in central
galaxies and find a statistically significant impact at high masses
and no impact at low masses. Kauffmann et al. (2013) find that the
star formation rates in galaxies can be correlated upto 4 Mpc. Sin,
Lilly & Henriques (2017) re-examine the nature of galactic confor-
mity presented in Kauffmann et al. (2013) and find that such effects
can arise due to selection biases. Paranjape, et al. (2015) prescribed
a tunable model within HOD framework to introduce varying levels
of conformity in the mock galaxy catalogues and find no conclusive
evidence of galaxy assembly bias on 4 Mpc. Miyatake, et al. (2016)
study the halo bias of SDSS galaxy clusters using projected auto-
correlation function and weak lensing and find that they differ by
a factor of 1.5, which could be a significant evidence of assembly
bias. Zu, et al. (2017) study the possible origin of the discrepancy
between the large scale halo bias of galaxy clusters (Miyatake, et al.
2016) and find that these differences mostly arise due to projection
effects. A recent work by Kerscher (2018) reported the existence
of galactic conformity out to 40 Mpc. Montero-Dorta, et al. (2017)
analyze LRGs from SDSS-III BOSS survey and find a strong ob-
servational evidence of assembly bias.
Some other works (Luparello et al. 2015; Scudder et al. 2012;
Pandey & Bharadwaj 2006, 2008; Darvish et al. 2014; Filho et al.
2015) report significant dependence of the luminosity, star forma-
tion rate and metallicity of galaxies on the large-scale environment.
A recent study by Lee (2018) show that both the least and most lu-
minous elliptical galaxies in sheetlike structures inhabit the regions
with highest tidal coherence. It has been shown that the large-scale
environments in the cosmic web influence the mass, shape and spin
of dark matter halos (Hahn et al. 2007,b). A number of studies (Tru-
jillo et al. 2006; Lee & Erdogdu 2007; Paz et al. 2008; Jones et
al. 2010; Tempel & Libeskind 2013; Tempel et al. 2013) suggest
alignment of halo shapes and spins with filaments which can ex-
tend upto 40 Mpc (Chen, et al. 2019). In a recent study Pandey &
Sarkar (2017) use information theoretic measures to show that the
galaxy morphology and environment in the SDSS exhibit a syn-
ergic interaction at least upto a length scale of ∼ 30h−1 Mpc. A
more recent study (Pandey & Sarkar 2020) find that the fraction of
red galaxies in sheets and filaments increases with the size of these
large-scale structures. Any such large-scale correlations beyond the
extent of the dark matter halo are unlikely to be explained by direct
interactions between them. All these observations suggest that the
role of environment on galaxy formation and evolution may not be
limited to local density alone. The morphology and coherence of
large-scale patterns in the cosmic web may play a significant role
in determining the galaxy properties and their evolution.
Pandey & Sarkar (2017) use mutual information to quantify
the large-scale environmental dependence of galaxy morphology.
They find a non-zero mutual information between morphology of
galaxies and their environment which decreases with increasing
length scales but remains non-zero throughout the entire length
scales probed. In the present work, we would like to test the statis-
tical significance of mutual information between morphology and
environment and study its validity and effectiveness as a measure
of large-scale environmental dependence of galaxy properties for
future studies.
We propose a method where we destroy the correlation be-
tween morphology and environment by randomizing the morpho-
logical classification and measure the mutual information to test
its statistical significance. We also divide the data into cubes and
shuffle them around many times to test how the mutual information
between morphology and environment are affected by the shuffling
procedure. We carry out these tests using data from the Galaxy
Zoo database (Lintott, et al. 2008). Further, we carry out a con-
trolled test using a semi-analytic galaxy catalogue (Henriques et al.
2015) based on the Millennium simulation (Springel et al. 2005).
The galaxies in these mock datasets are selectively assigned mor-
phology based on their local density. We measure the mutual infor-
mation between morphology and environment in each case and try
to understand the statistical significance of mutual information in
the present context. The goal of the present analysis is to explore
the potential of mutual information as a statistical measure to reveal
the large-scale correlations between environment and morphology
if any.
A ΛCDM cosmological model with Ωm0 = 0.315, ΩΛ0 = 0.685
and h = 0.674 (Planck Collaboration, et al. 2018) is used to convert
redshifts to distances throughout the analysis.
2 DATA
2.1 SDSS DR16
We use data from the 16th data release Ahumada, et al. (2019) of
Sloan Digital Sky Survey (SDSS) York, et al. (2000). DR16 is the
final data release of the fourth phase of SDSS which covers more
than nine thousand square degrees of the sky and provides spec-
tral information for more than two million galaxies. This includes
an accumulation of data collected for new targets as well as tar-
gets from all prior data releases of SDSS. The data is downloaded
through SciServer: CASjobs1 which is a SQL based interface for
public access. We identify a contiguous region within 0◦ ≤ δ ≤ 60◦
& 135◦ ≤ α ≤ 225◦ and select all galaxies with the apparent r-band
Petrosian magnitude limit mr < 17.77 within that region. Here α
and δ are the right ascension and declination respectively. We com-
bine the three tables SpecObjAll, Photoz and ZooSpec of SDSS
database to get the required information about each of these se-
lected galaxies. We retrieve the spectroscopic and photometric in-
formation of galaxies from the SpecObjAll and Photoz tables re-
1 https://skyserver.sdss.org/casjobs/
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spectively. The ZooSpec table provides The morphological clas-
sifications for the SDSS galaxies from the Galaxy Zoo project2.
Galaxy zoo (Lintott, et al. 2008, 2011) is a platform where millions
of registered volunteers vote for visual morphological classification
of galaxies. These votes contribute in identification of galaxy mor-
phologies through a structured algorithm. The galaxies in galaxy
zoo are flagged as spiral, elliptical or uncertain depending on the
vote fractions. We only consider the galaxies which are flagged as
spiral or elliptical with debiased vote fraction > 0.8 (Bamford et
al. 2009). These cuts yield a total 136155 galaxies within redshift
z < 0.3. We then construct a volume limited sample using a r-band
absolute magnitude cut Mr ≤ −20.5. This provides us 44049 galax-
ies within z < 0.096. The present analysis requires a cubic region.
We extract a cubic region of side 145h−1 Mpc from the volume
limited sample which contains 14558 galaxies. The resulting dat-
acube consists of 11171 spiral galaxies and 3387 elliptical galaxies.
The mean intergalactic separation of the galaxies in this sample is
∼ 6h−1 Mpc.
2.2 Millennium Run Simulation
Galaxy formation and evolution involve many complex physical
processes such as gas cooling, star formation, supernovae feedback,
metal enrichment, merging and morphological evolution. The semi
analytic models (SAM) of galaxy formation (White & Frenk 1991;
Kauffmann, White & Guiderdoni 1993; Cole et al. 1994; Baugh et
al. 1998; Somerville & Primack 1999; Benson et al. 2002) is a pow-
erful tool which parametrise these complex physical processes in
terms of simple models following the dark matter merger trees over
time and finally provide the statistical predictions of galaxy prop-
erties at any given epoch. In the present work, we use the data from
a semi analytic galaxy catalogue (Henriques et al. 2015) derived
from the Millennium run simulation (MRS) (Springel et al. 2005).
Henriques et al. (2015) updated the Munich model of galaxy forma-
tion using the values of cosmological parameters from PLANCK
first year data. This model provides a better fit to the observed stel-
lar mass functions and reproduce the recent data on the abundance
and passive fractions of galaxies over the redshift range 0 ≤ z ≤ 3
better than the other models. We use SQL to extract the required
data from the Millennium database 3. We use the peculiar veloci-
ties of the Millennium galaxies to map them in redshift space and
extract all the galaxies with Mr ≤ −20.5. Finally we construct 8
mock SDSS datacubes of side 145h−1 Mpc each containing a total
14558 galaxies.
2.3 Random distributions
We simulate 10 Poisson distributions each within a cube of side
145h−1 Mpc. 14558 random data points are generated within each
of the 10 datacubes. For each cube, we randomly label 3387 points
as elliptical and rest of the points are labelled as spirals. The num-
ber of galaxies and the ratio of spirals to ellipticals in these random
data sets are identical to that observed in the original SDSS dat-
acube.
2 http://zoo1.galaxyzoo.org
3 https://www.mpa.mpa-garching.mpg.de/millennium/
3 METHOD OF ANALYSIS
3.1 Mutual information between environment and
morphology
We consider a cubic region of side Lh−1 Mpc extracted from the
volume limited sample prepared from SDSS DR16. We subdi-
vide the entire cube into Nd number of d h−1 Mpc× d h−1 Mpc×
d h−1 Mpc voxels. We define a discrete random variable X with Nd
outcomes {Xi : i = 1, ...Nd}. The probability of finding a randomly
selected galaxy in the ith voxel is p(Xi) =
Ni
N , where Ni is the num-
ber of galaxies in the ith voxel and N is the total number of galaxies
in the cube. The random variable X thus defines the environment of
a galaxy at a specific length scale d h−1 Mpc.
The information entropy (Shannon 1948) associated with the
random variable X at scale d is given by
H(X) = −
Nd∑
i=1
p(Xi) log p(Xi)
= log N −
∑Nd
i=1 Ni log Ni
N
(1)
We use another variable Y to describe the morphology of the
galaxies. We have only considered the galaxies with a classified
morphology and hence there are only two possible outcomes: spi-
ral or elliptical. If the cube consists of Nsp spiral galaxies and Nel
elliptical galaxies then the information entropy associated with Y
will be
H(Y) = −
(
Nsp
N
log
Nsp
N
+
Nel
N
log
Nel
N
)
= log N − Nsp log Nsp + Nel log Nel
N
(2)
Now having the prior information about the morphology of
each of the galaxies one can determine the mutual information be-
tween morphology of the galaxies and their environment.
The mutual information I(X;Y) between environment and
morphology is ,
I(X;Y) =
Nd∑
i=1
2∑
j=1
p(Xi,Y j) log
p(Xi,Y j)
p(Xi)p(Y j)
(3)
= H(X) + H(Y)−H(X,Y)
H(X) and H(Y) are the individual entropy associated with the
random variables X and Y respectively. The joint entropy H(X,Y) ≤
H(X)+ H(Y) where the equality holds only when X and Y are inde-
pendent. The joint entropy is symmetric i.e. H(X,Y) = H(Y,X).
If Ni j is the number of galaxies in the ith voxel that belongs to
the jth morphological class ( j = 1 for spiral and j = 2 for elliptical),
then the joint entropy H(X,Y) is given by,
H(X,Y) = −
Nd∑
i=1
2∑
j=1
p(Xi,Y j) log p(Xi,Y j)
= log N − 1
N
Nd∑
i=1
2∑
j=1
Ni j log Ni j (4)
where
Nd∑
i=1
2∑
j=1
Ni j = N (5)
Here p(Xi,Y j) = p(Xi|Y j)p(Y j) = Ni jN is the joint probability
derived from the conditional probability using Bayes’ theorem.
MNRAS 000, 1–15 (2020)
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Figure 1. The top left panel shows the definition of the volume limited sample in the redshift-absolute magnitude plane. The top right panel shows the projected
view of the galaxies in the entire volume limited sample (green dots) and those inside the cubic region (blue dots). The bottom left panel shows the distributions
of spirals (blue dots) and ellipticals (brown dots) in the extracted datacube from the volume limited sample. The bottom right panel shows the variation in
number density inside the datacube along each of the 3-axes. The number densities are computed in slices of thickness 10.36h−1 Mpc.
The mutual information between two random variables mea-
sures the reduction in uncertainty in the knowledge of one random
variable given the knowledge of other. A higher value of mutual
information between two random variables convey a greater degree
of association between the two random variables. One specific ad-
vantage of mutual information over the traditional tools like covari-
ance analysis is that it does not require any assumptions regarding
the nature of the random variables and their relationship.
3.2 Randomizing the morphological classification of galaxies
We consider each of the SDSS galaxies in the datacube and ran-
domly identify them as spirals and ellipticals leaving aside their
actual morphology. We randomly pick 3387 SDSS galaxies and tag
them as ellipticals. Rest of the galaxies in the SDSS datacube are
labelled as spirals. The number of spirals and ellipticals in the re-
sulting distribution thus remains same as the original distribution.
We generate 10 such datacubes with randomly assigned
galaxy morphology from the original SDSS datacube and mea-
sure the mutual information between environment and morphology
in each of them. We would like to compare the mutual informa-
tion I(X;Y) measured in the original SDSS data with that from the
SDSS dataset with randomly assigned morphology to study the sta-
tistical significance of I(X;Y) and its scale dependence.
3.3 Shuffling the spatial distribution of galaxies
We divide the SDSS datacube of side Lh−1 Mpc into Nc = n3s
smaller subcubes of size ls = Lns h
−1 Mpc. Each of these smaller
subcubes along with all the galaxies within them are rotated around
three different axes by different angles which are random multiples
of 90◦. The rotated subcubes are then randomly interchanged with
any other subcubes inside the datacube. This process of arbitrary
rotation followed by random swapping is repeated for 100 × Nc
times to generate a Shuffled realization (Bhavsar & Ling 1988) from
the original SDSS datacube. We carry out the shuffling procedure
for three different choices ns = 3, ns = 7 and ns = 15 which corre-
sponds to shuffling length ls = 48.33h−1 Mpc, ls = 20.71h−1 Mpc
and ls = 9.67h−1 Mpc respectively. We generate 10 shuffled real-
izations for each values of the shuffling length (ls). Our goal is to
MNRAS 000, 1–15 (2020)
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Figure 2. The left panel of this figure shows the mutual information I(X;Y) as a function of length scales for the original SDSS datacube and the SDSS
datacube where the morphological information of galaxies are randomized. The results for mock Poisson distribution with randomly assigned morphology are
also shown together for a comparison. The 1−σ errorbars for the original SDSS data are estimated using 10 jack-knife samples drawn from the same dataset.
For the SDSS random and Poisson random datasets each, we estimate the 1−σ errobars using 10 different realizations. The right panel of this figure shows
the t score as a function of length scales, obtained from a t-test which compares the SDSS galaxy distribution with randomized morphological classification to
the SDSS galaxy distribution with actual morphological classification.
compare the mutual information I(X;Y) measured in the original
SDSS data with that from the shuffled datasets to test the statistical
significance of I(X;Y) on different length scales.
3.4 Simulating different morphology-density correlations
The morphology-density relation is a well known phenomenon
which indicates that environment play a crucial role in deciding
galaxy morphology. We would like to test whether mutual infor-
mation I(X;Y) can capture the strength of morphology-density re-
lation in the galaxy distribution. We construct a set of SDSS mock
datacubes from a semi analytic galaxy catalogues as discussed in
Section 2.2.
We compute the local number density at the location of each
galaxies using kth nearest neighbour method (Casertano & Hut
1985). We find the distance to the the kth nearest neighbour to each
galaxy. The local number density around a galaxy is estimated as,
nk =
k−1
V(rk)
(6)
Here rk is the distance to the kth nearest neighbour and V(rk) =
4
3pir
3
k . We have used k = 10 in this analysis.
Our goal is to test if I(X;Y) can capture the degree and nature
of correlation between environment (X) and morphology (Y). The
elliptical galaxies are known to reside preferentially in denser en-
vironments. Each mock SDSS datacubes from the SAM contains
a total 14558 galaxies. We would like to assign a morphology to
each of these galaxies. To do so, we first sort the number density at
the locations of galaxies in a descending order. We consider three
different schemes which are as follows,
(i) We randomly label 3387 galaxies as ellipticals from the
top 30% high density locations and consider the rest of the 11171
galaxies as spirals.
(ii) We randomly label 3387 galaxies as ellipticals from top
50% high density locations and consider the rest of the 11171
galaxies as spirals.
(iii) We randomly label 3387 galaxies as ellipticals irrespec-
tive of their local density and consider the rest of the 11171 galaxies
as spirals.
The morphology-density relation in case (i) is stronger than
case (ii) and there is no morphology-density relation in case (iii).
We would like to test if mutual information I(X;Y) can correctly
capture the degree of association between environment and mor-
phology in these distributions.
3.5 Testing statistical significance of the difference in mutual
information with t test
We use an equal variance t-test which can be used when both the
datasets consists of same number of samples or have a similar vari-
ance. We calculate the t score at each length scale using the follow-
ing formula,
t =
|X¯1 − X¯2|
σs
√
1
n1 +
1
n2
(7)
where σs =
√
(n1−1)σ21+(n2−1)σ22
n1+n2−2 , X¯1 and X¯1 are the average values,
σ1 and σ2 are the standard deviations, n1 and n2 are the number
of datapoints associated with the two datasets at any given length-
scale.
We would like to test the null hypothesis that the average value
of mutual information in the original and randomized or shuffled
distribution at a given lengthscale are not significantly different. We
find that randomizing or shuffling the data always leads to a reduc-
tion in the mutual information between morphology and environ-
ment. We use a one-tailed test with significance level α = 0.0005
which corresponds to a confidence level of 99.9%. The degrees of
freedom in this test is (n1 + n2−2). The same test is also applied to
asses the statistical significance of I(X;Y) in mock datasets where a
morphology-density relation is introduced in a controlled manner.
We compute the t score at each length scale using Equation 7 and
determine the associated p value to test the statistical significance.
MNRAS 000, 1–15 (2020)
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Figure 3. This figure shows the distributions of spirals (blue dots) and ellipticals (brown dots) in the original unshuffled SDSS datacube along with one
realization of shuffled datacube for three different values of shuffling lengths (ls). The value of ls is decided by ns which is the number of subcubes that would
fit along each dimension. The size of shuffling units in each case is shown with a subcube (in red) at a corner of the respective shuffled realization.
Table 1. This table shows the t score and the associated p value at each length scale when we compare the mutual information between actual SDSS data and
SDSS data with randomized morphological information.
Grid size ( h−1 Mpc ) t score p value
12.08 13.911 2.26×10−11
13.18 13.417 4.10×10−11
14.50 16.125 1.90×10−12
16.11 15.692 3.02×10−12
18.12 20.853 2.34×10−14
20.71 18.698 1.53×10−13
24.17 20.088 4.46×10−14
29.00 28.934 7.59×10−17
36.25 33.613 5.36×10−18
48.33 30.151 3.67×10−17
72.50 30.736 2.61×10−17
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Figure 4. The left panel of this figure shows the mutual information I(X;Y) as a function of length scales in the unshuffled SDSS datacube along with that
from the shuffled realizations with three different shuffling length. The 1−σ errorbars shown for the unshuffled SDSS data are obtained from 10 jack-knife
samples drawn from the same dataset. For the SDSS shuffled datasets and Poisson random datasets each, the 1−σ errobars are estimated using 10 different
realizations. For each shuffling length, the grid sizes are chosen so that they are not equal or integral multiples of the shuffling length and the vice versa. The
right panel of this figure shows the t score at different length scales, obtained from a t test comparing the shuffled distributions with the original unshuffled
galaxy distribution from SDSS.
Table 2. This table shows the t score and the associated p value at each length scale when we compare the mutual information between actual SDSS data and
its shuffled realizations for different shuffling lengths. The grid size for each ns is chosen in a such a way so that the shuffling length is not equal or an integral
multiple of the grid size.
Grid size ns = 3 ns = 7 ns = 15
( h−1 Mpc ) t score p value t score p value t score p value
12.08 - - 2.196 2.07×10−2 2.029 2.88×10−2
13.18 1.559 6.82×10−2 3.148 2.78×10−3 4.097 3.38×10−4
14.50 1.967 3.24×10−2 2.037 2.83×10−2 4.324 2.04×10−4
16.11 - - 5.064 4.04×10−5 9.656 7.63×10−9
18.12 3.794 6.64×10−4 9.806 6.03×10−9 13.765 2.69×10−11
20.71 4.928 5.43×10−5 - - 13.762 2.70×10−11
24.17 - - 12.536 1.24×10−10 16.367 1.48×10−12
29.00 10.667 1.64×10−9 20.061 4.57×10−14 24.534 1.38×10−15
36.25 15.510 3.68×10−12 23.429 3.09×10−15 29.184 6.52×10−17
48.33 - - 26.795 2.94×10−16 27.235 2.20×10−16
72.50 21.376 1.52×10−14 27.325 2.08×10−16 29.234 6.33×10−17
Table 3. This table shows the t score and the associated p value at each length scale when we compare the mutual information between mock datasets with
and without a morphology-density relation.
Grid size Random selection from top 30% Random selection from top 50%
( h−1 Mpc ) t score p value t score p value
12.08 75.590 5.46×10−20 41.511 2.32×10−16
13.18 80.264 2.36×10−20 56.285 3.35×10−18
14.50 84.539 1.14×10−20 50.987 1.33×10−17
16.11 75.073 6.01×10−20 53.361 7.04×10−18
18.12 61.435 9.88×10−19 41.186 2.59×10−16
20.71 52.083 9.87×10−18 36.618 1.32×10−15
24.17 36.197 1.55×10−15 27.185 8.10×10−14
29.00 31.549 1.04×10−14 17.937 2.34×10−11
36.25 27.540 6.77×10−14 20.213 4.65×10−12
48.33 26.512 1.14×10−13 12.707 2.23×10−9
72.50 8.541 3.17×10−7 8.379 3.98×10−7
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Figure 5. This figure shows the distributions of spirals (greenish dot) and ellipticals (brown dot) in a realization of the mock SDSS datacube from SAM where
the galaxies are assigned morphology based on the density at their locations. The three datacubes corresponds to three different schemes for density dependent
morphology assignment.
4 RESULTS
4.1 Effects of randomizing the morphological classification
We show the mutual information I(X;Y) between environment and
morphology as a function of length scale in the SDSS datacube
in left panel of Figure 2 which shows that the morphology of the
SDSS galaxies and their large-scale environment share a small non-
zero mutual information throughout the entire length scale. The re-
sult for the SDSS datasets with randomly assigned morphology is
also shown in the same panel for a comparison. This shows that
there is a significant reduction in I(X;Y) at each length scale due
to the randomization of morphological information of the SDSS
galaxies. We find that a finite non-zero mutual information still per-
sists at each length scale even after the randomization of morphol-
ogy. To understand its origin, we also measure the mutual infor-
mation measured in the Poisson datacubes with randomly assigned
morphology and show them together in the left panel of Figure 2.
Interestingly, we find that the non-zero mutual information between
X and Y in the Poisson distributions are nearly same as the SDSS
datacube with randomly assigned morphology.
The information entropy H(X) associated with environment
at each length scale d remains unchanged, as the position of each
galaxies in the resulting distribution remains same as the original
SDSS distribution. There would be also no change in the infor-
mation entropy H(Y) associated with morphology of the galaxies
as the number of spirals and ellipticals remains the same after the
randomization. However this procedure would change the joint en-
tropy H(X,Y). The randomization of morphological classification
would turn the joint probability distribution to a product of the two
individual probability distribution i.e. p(Xi,Y j) = p(Xi)p(Y j). The
MNRAS 000, 1–15 (2020)
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Figure 6. The left panel of this figure shows mutual information I(X;Y) as a function of length scales for different morphology-density relations. 1−σ errorbars
for the Millennium galaxies are estimated using data from 8 non-overlapping mock datacubes from the SAM catalogue. The 1−σ errorbars corresponding to
the Poisson dataset are estimated using 8 mock datacubes containing random distributions. The right panel of this figure shows the t score at different length
scales, obtained from t test where we compared the distributions with density dependent morphological tagging to that without any density dependence of
morphology.
adopted procedure is thus expected to destroy any existing correla-
tions between environment and morphology and consequently any
non-zero mutual information between environment and morphol-
ogy should ideally disappear after the randomization.
However in left panel of Figure 2, we find that I(X;Y) does
not reduce to zero after the randomization of morphology of the
SDSS galaxies. This residual nonzero mutual information can be
explained by the results obtained from the Poisson datacubes with
randomly assigned morphology. The results show that I(X;Y) in the
Poisson datacubes with randomly assigned morphology and SDSS
datacube with randomly assigned morphology are nearly the same.
This suggests that a part of the measured mutual information arises
due to the finite and discrete nature of the galaxy sample. The ori-
gin of this residual information is thus non-physical in nature and
should be properly taken into account during such analysis.
The reduction in I(X;Y) due to the randomization of morphol-
ogy suggests that a part of the measured mutual information I(X;Y)
must have some physical origin. Interestingly, left panel of Figure 2
shows that randomization leads to a reduction in the mutual infor-
mation at each length scale. We test the statistical significance of
these differences at each length scale using a t test. We show the t
score at each length scale in the right panel of Figure 2. The crit-
ical t score at 99.9% confidence level for 18 degrees of freedom
are also shown in the same panel. The t score and the associated p
value at each length scale are tabulated in Table 1. We find a strong
evidence against the null hypothesis which suggests that the dif-
ferences in the mutual information I(X;Y) in the two distributions
are statistically significant at 99.9% confidence level for the entire
length scales probed. This clearly indicates that the association be-
tween environment and morphology is not limited to only the local
environment but extends to environments on larger length-scales.
4.2 Effects of shuffling the spatial distribution of galaxies
We divide the SDSS datacube into a number of regular subcubes
using different values of ls as discussed in Section 3.3 and shuf-
fle them many times to generate a set of shuffled realizations for
each shuffling length. The Figure 3 shows the distributions of ellip-
ticals (brown dots) and spirals (blue dots) in the original unshuffled
SDSS datacube along with one realization of the shuffled datacubes
for each shuffling length. The size of the shuffling units used to
shuffle the data in each case are shown with a red subcube at the
corner of the respective shuffled datacubes. A comparison of the
shuffled datacubes with the original SDSS datacube clearly shows
that the coherent features visible in the actual data on larger length
scales progressively disappears with the increasing shuffling length.
It may be noted that both the measurement of I(X;Y) and shuffling
requires us to divide the datacube into a number of subcubes. In
each case, we choose the shuffling lengths and the grid sizes so that
the shuffling length is not equal or integral multiple of grid size or
vice versa. This must be ensured to avoid any spurious correlations
in I(X;Y).
We compare the mutual information I(X;Y) in the original and
shuffled datasets in the left panel of Figure 4. For each shuffled
datasets we observe a reduction in I(X;Y) at different length scales.
A smaller reduction in I(X;Y) is observed at smaller length scales
whereas a relatively larger reduction in I(X;Y) is seen on larger
length scales.
It may be noted that the morphological information of galax-
ies remain intact after shuffling the data. The shuffling procedure
keeps the clustering at scales below ls nearly identical to the origi-
nal data but eliminates all the coherent spatial features in the galaxy
distribution on scales larger than ls. Shuffling is thus expected to
diminish any existing correlations between environment and mor-
phology. Measuring the mutual information between environment
and morphology in the original SDSS data and its shuffled versions
allows us to address the statistical significance of I(X;Y). The mu-
tual information is expected to reduce by a greater amount on scales
above the shuffling length ls because shuffling destroys nearly all
the coherent patterns beyond this length scale. On the other hand,
we expect a relatively smaller reduction in I(X;Y) below the shuf-
fling length ls. This can be explained by the fact that most of the
coherent features in the galaxy distribution below length scale ls
survive the shuffling procedure. However some of the coherent fea-
tures which extend upto ls but lie across the subcubes would be
destroyed by shuffling. Shuffling may also produce a small number
of spatial features which are the product of pure chance alignments.
These random features are unlikely to introduce any physical cor-
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relations between environment and morphology. A comparison of
I(X;Y) between the original and shuffled data at different length
scales for different shuffling length thus reveal the statistical signif-
icance of the degree of association between environment and mor-
phology on different length scales.
We find that I(X;Y) decreases monotonically at all length
scales with decreasing shuffling lengths. Figure 4 shows that I(X;Y)
for ns = 15 or ls ∼ 10h−1 Mpc still lies above the values that are ex-
pected for an identical Poisson random distributions. A greater re-
duction in I(X;Y) on larger length scales for each shuffling length
considered suggests that the mutual information between environ-
ment and morphology is statistically significant on these length
scales. I(X;Y) in actual data and shuffled data for different shuffling
lengths do not differ much on smallest length scale as the coherent
structures on these length scales are nearly intact in all the shuffled
datasets. However when shuffled with smaller values of ls, greater
number of coherent structures on larger length scales are lost. This
explain why reduction in I(X;Y) increases with decreasing shuf-
fling length.
We employ a t test to test the statistical significance of the
observed differences in I(X;Y) in original and all shuffled datasets
at different length scales. The t score and the corresponding p value
at each length scale are tabulated in Table 2. The t score for the
shuffled datasets for three different shuffling length are shown as a
function of length scale in the right panel of Figure 4. We find that
the differences in I(X;Y) in the shuffled and unshuffled SDSS data
are statistically significant at 99.9% confidence level at nearly the
entire length scale probed.
We find a weak evidence against the null hypothesis for all
the shuffling lengths at smaller length scales. This arises due to the
fact that the coherence between environment and morphology are
retained on smaller scales when the data is shuffled with a compara-
ble or larger shuffling lengths. However we note that a considerable
reduction in I(X;Y) can occur even below the shuffling length for
ns = 7 and ns = 3. A subset of the coherent features extending below
the shuffling length may lie across the subcubes used to shuffle the
data. These coherent structures will be destroyed by the shuffling
procedure even when they are smaller than the shuffling length. The
number of such coherent structures which belongs to this particular
group is expected to increase with the size of the subcubes due to
their larger boundary.
The results shown in Figure 4 thus indicates that the associa-
tion between environment and morphology is certainly not limited
to their local environment but extends throughout the length scales
probed in this analysis.
4.3 Effects of different morphology-density correlations
In Figure 5, we show the distributions of spirals and ellipticals in
mock SDSS datacubes from SAM. We show one distribution for
each of the simulated morphology-density relations.
We show the mutual information I(X;Y) as a function of
length scales for the three different density-morphology relation in
the left panel of Figure 6. When the elliptical are randomly selected
from the entire distribution irrespective of their density then we do
not expect any mutual information between morphology and envi-
ronment. The non-zero mutual information in this case is just an
outcome of the finite and discrete nature of the distributions. We
find that the results for this case is identical to that expected for a
Poisson distribution with same ratio of spirals to ellipticals.
However when ellipticals are preferentially selected from
denser regions, the mutual information between morphology and
environment rises above the values that are expected for a Pois-
son random distribution. The figure Figure 6 shows that mutual in-
formation I(X;Y) is significantly higher than Poisson distribution
when galaxies are randomly tagged as elliptical from the top 50%
high density positions. We find that the mutual information between
morphology and environment increase further to much higher val-
ues when galaxies are randomly identified as ellipticals from the
top 30% high density regions. We note a change in I(X;Y) at all
lengthscales upto 50h−1 Mpc. A larger change in I(X;Y) is ob-
served on smaller length scales whereas the change in I(X;Y) be-
comes gradually smaller on larger length scales. This indicates that
the morphology-density relations simulated here, become weaker
on larger length scales.
We use a t test to asses the statistical significance of the
differences in I(X;Y) in the mock datasets with and without a
morphology-density relation. We tabulate the t score and the corre-
sponding p value at each length scale for the two mock datasets
in Table 3. In the right panel of Figure 6, we show the t score
as a function of length scales in two mock datasets with different
morphology-density relation. The results suggest that a statistically
significant difference (99.9% confidence level) exists between the
datasets with and without a morphology-density relation. Interest-
ingly, these differences persist throughout the entire length scale
probed in the analysis. This indicates that the correlation between
environment and morphology is not limited to the local environ-
ment but extends to larger length scales.
The morphology-density relations considered here are too
simple in nature. In this experiment, we find that the mutual in-
formation between morphology and environment decreases mono-
tonically with increasing length scales. Contrary to this, the SDSS
observations show that mutual information initially decreases with
increasing length scales and nearly plateaus out at larger length
scales. The schemes used for the morphology-density relation in
this experiment are not realistic in nature. But they clearly shows
that mutual information can effectively capture the degree of asso-
ciation between morphology and environment and such a relation
may extend upto larger length scales.
5 CONCLUSIONS
In the present work, we aim to test the statistical significance of
mutual information between morphology of a galaxy and its en-
vironment. The morphology-density relation is a well known phe-
nomenon which has been observed in the galaxy distribution. The
relation suggests that the ellipticals are preferentially found in
denser regions of galaxy distribution whereas spirals are sporadi-
cally distributed across the fields. It is important to understand the
role of environment in galaxy formation and evolution. The local
density at the location of a galaxy is very often used to characterize
its environment. It is believed that the environmental dependence
of galaxy properties can be mostly explained by the local density
alone. The mutual information between environment and morphol-
ogy for SDSS galaxies has been studied by Pandey & Sarkar (2017)
where they find that a non-zero mutual information between mor-
phology and environment persists throughout the entire length scale
probed. They show that the mutual information between environ-
ments on different length scales may introduce such correlations
between environment and morphology observed on larger length
scales. We would like to critically examine the statistical signifi-
cance of the observed non-zero mutual information between mor-
phology and environment on different length scales. We propose
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three different methods to asses the statistical significance of mu-
tual information. These methods also help us to understand the rel-
ative importance of environment on different length scales in de-
ciding the morphology of galaxies.
Three different tests are carried out in the present analysis. In
the first case, we randomize the morphological information about
the SDSS galaxies without affecting their spatial distribution. In
the second case, we shuffle the spatial distribution of the SDSS
galaxies without affecting their morphological classification. Both
these tests show that the mutual information between morphology
and environment are statistically significant at 99.9% confidence
level throughout the entire length scales probed in this analysis.
We find that a small non-zero mutual information can be observed
even in a random distribution without any existing physical corre-
lations between environment and morphology. This non-zero value
originates from the finite and discrete nature of the distribution. In-
terestingly, the mutual information between environment and mor-
phology in the SDSS datacube is significantly larger than the ran-
domized datasets throughout the entire length scales probed. Shuf-
fling the SDSS datacube also affect the mutual information between
environment and morphology in a statistically significant way at
nearly the entire length scales considered. This suggests that the
association between morphology and environment continues upto
a larger length scales and these correlations must have a physical
origin. In a third test, we construct a set of mock SDSS datacubes
from the semi analytic galaxy catalogue where we assign morphol-
ogy to the simulated galaxies based on the density at their locations.
We vary the strength of the simulated morphology-density relation
and measure mutual information between environment and mor-
phology in each case. Our results suggest that mutual information
effectively capture the degree of association between environment
and morphology in these mock datasets.
We extend our analysis to dark matter halo sample from Mil-
lennium simulation (see Appendix A) where we investigate if the
angular momentum of dark matter halos display any large-scale
correlations at fixed halo mass. The analysis shows that statistically
significant correlations are observed only for the halos in the mass
range ∼ 1011 − 1012M. The assembly bias is known to be more
pronounced at low masses (∼ 1012M) and the observed correla-
tions could be a signature of assembly bias. But we could not con-
firm this due to a wider variation of halo mass in this mass range.
Choosing a narrower range around this halo mass does not provide
us sufficient number of dark matter halos within the specific volume
required for the present analysis. The present analysis also suggests
that the observed large-scale correlations between morphology and
environment is small but statistically more significant than that ob-
served between the angular momentum of dark matter halos and
their environment.
Besides the halo assembly bias, the rich baryonic physics may
also play an important role, which allow much more complicated
interactions between galaxies and their environment. The effects
of local density on morphology of galaxies is understood in terms
of various types of galaxy interactions, ram pressure stripping and
quenching of star formation. These processes may play a domi-
nant role in shaping the morphology of a galaxy. However they
may not be the only factors which decides the morphology of a
galaxy. The presence of large-scale coherent features like filaments,
sheets and voids may induce large-scale correlations between the
observed galaxy properties and their environment. Further studies
may reveal if any new physical processes are required to explain
such large-scale correlations. In any case, we need to understand
the physical origin of such correlations and if required, incorporate
them in the models of galaxy formation. Most studies employ cor-
relation functions to study the assembly bias. Here, we speculate
that the information theoretic framework presented in this paper,
might serve as a more sensitive probe of galaxy assembly bias than
traditional correlation functions.
Every statistical measure have their pros and cons. One par-
ticular drawback of mutual information is that it does not tell us
the direction of the relation between two random variables i.e. the
measured mutual information does not provide us the simple infor-
mation that the ellipticals and spirals are preferentially distributed
in high density and low density regions respectively. But the mu-
tual information reliably captures the degree of association between
any two random variables irrespective of the nature of their rela-
tionship. So in the present context, mutual information can be an
effective and powerful tool to quantify the degree of influence that
environment imparts on morphology across different length scales.
The amplitude of mutual information quantify the strength of cor-
relation between morphology and environment on different length
scales. It also helps us to probe the length scales upto which the
morphology of a galaxy is sensitive to its environment.
One can also study the mutual information between environ-
ment and any other galaxy property to understand the influence of
environment on that property at various length scales. The rela-
tive influence of environment on different galaxy properties on any
given length scale may provide useful inputs for the galaxy for-
mation models. Finally we note that mutual information between
environment and a galaxy property is a powerful and effective tool
which can be used successfully for the future studies of large-scale
environmental dependence of galaxy properties.
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Figure 1. The left panel of the figure shows the distribution of halo spin in the four mass bins. The right panel of the figure shows the spatial distribution of
2000 dark matter halos randomly selected from the entire population. In this panel, each green circle represents a dark matter halo and the blue arrows attached
to each circle represent the angular momentum vector associated with the halo. The radii of the circles are proportional to the masses and the lengths of the
arrows are proportional to the magnitudes of the angular momentum of the dark matter halos. This is shown as a visual representation of the distribution of
dark matter halos and their angular momentum. We have used only the spatial distribution of the halo centers in our analysis.
Figure 2. The different panels of this figure show the mutual information between the environment of a dark matter halo and its spin angular momentum for 4
different mass bins. The results after randomization of the halo spins and shuffling of the spatial distributions (ns = 15) are also shown together in each panel.
We also show the results for mock Poisson samples with randomly assigned spin angular momentum in each case. The 1−σ errorbars are obtained from 10
subsamples analyzed in each mass bin.
Table 1. This table shows the four bins which is used to classify the dark matter halos.
Mass range I ( in M unit ) : 5×109 ≤ M ≤ 2×1010
Mass range II ( in M unit ) : 2×1010 ≤ M ≤ 5×1010
Mass range III ( in M unit ) : 5×1010 ≤ M ≤ 2×1011
Mass range IV ( in M unit ) : 2×1011 ≤ M ≤ 5×1012
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Figure 3. The different panels of this figure show the t score at different length scales, for the randomized and shuffled distributions in four different halo mass
ranges.
APPENDIX A: MUTUAL INFORMATION BETWEEN THE
ENVIRONMENT AND ANGULAR MOMENTUM OF
DARK MATTER HALOS
In this section, we would like to extend our analysis to dark mat-
ter halos using the Millennium halo catalogue. We download the
data from MPAHaloTrees table of Millennium database using a
SQL query. We retrieve the virial mass, angular momentum (in
h−1Mpc Km s−1 units ) and 3 dimensional position and veloci-
ties of all the dark matter halos. We map the spatial distribution
of the halos from real space to redshift space and extract a cubic
region of size 145h−1 Mpc. These halos are then divided into four
different bins depending on their masses, which are defined in Ta-
ble 1. We construct 10 mock samples corresponding to each mass
bin. 14558 halos are randomly selected for 10 times for each mass
bin. Each mock sample thus contains 14558 dark matter halos dis-
tributed within a cubic region of size 145h−1 Mpc.
Our goal is to perform an analysis with the dark matter ha-
los to test the large-scale environmental dependence of halo spins.
The analysis is analogous to the study we carried out for the SDSS
galaxies. We use the magnitude of angular momentum of the dark
matter halos to classify them into two different groups. The distri-
bution of the angular momentum (ω) of the dark matter halos in
different mass bins are shown in the left panel of Figure 1. Only
the dark matter halos with 0 <ω ≤ 5 are considered in this analysis.
We use a critical value ωc = 0.5 to divide the halos in two differ-
ent classes. The choice of ωc is somewhat arbitrary. We choose this
value to have significant number of halos in both the high and low
angular momentum states. Halos with ω ≤ ωc are termed as low
spin halos whereas the ones with ωc < ω ≤ 5 are labelled as high
spin halos.
In order to randomize the angular momentum of the halos,
we randomly select pairs of halos and swap their spin tags without
altering their positions. The number of low and high spin halos re-
mains unchanged after such randomization. For each mock sample,
we randomly identify 100×14558 pairs and interchange their spin
states. Any correlation between the environment of a halo and its
spin is expected to be destroyed by this operation.
We then shuffle the spatial distribution of the dark matter ha-
los keeping their angular momentum unchanged. We consider the
smallest shuffling length (ns = 15) used for the analysis with SDSS
galaxies. Higher values of shuffling lengths would be necessary
only if there is a significant change in the mutual information intro-
duced by this shuffling length.
We calculate the mutual information for the randomized and
shuffled distributions of dark matter halos in each mass range.
In Figure 2, we show the mutual information between the envi-
ronment of a halo and its angular momentum as a function of length
scale for four different mass bins. We find a small nonzero mutual
information between environment and angular momentum which
respectively extend upto 30h−1 Mpc and 50h−1 Mpc in the first two
and last two mass bins. We compare these mutual information with
those obtained for the randomized and shuffled distributions in each
mass bin. We find that randomizing the spins and shuffling the data
do not introduce any noticeable change in the measured mutual in-
formation between angular momentum and environment in the first
two halo mass bins. The fact that the actual mutual information co-
incides with that from randomized, shuffled and Poisson data at all
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scales suggests that these non-zero mutual information do not have
any physical origin. They purely arise due to finite and discrete
nature of the distributions. However, we observe that randomiza-
tion and shuffling change the mutual information in the mass bins
III and IV. We asses the statistical significance of the differences
in each mass bin using t- test. The results are shown in different
panels of Figure 3. Clearly the low mass bins (bin I and II) do not
show a statistically significant change in the mutual information
over nearly the entire length scale. The statistical significance of
the differences gradually increases with halo mass (bin III and IV)
as can be seen in the two bottom panels of Figure 3. A statistically
significant difference (99.9% confidence) is observed over most of
the length scales for the halos in mass range IV.
This analysis shows that for smaller mass halos, there are no
clear association between the angular momentum of dark matter
halos and their large-scale environment. A statistically significant
correlation between these variables are observed only for the rela-
tively more massive dark matter halos in mass bin IV. The assem-
bly bias is expected to be more significant for halo mass ∼ 1012M
which are included in bin IV. So these correlations, may in principle
originate from assembly bias. Alternatively, they may be a manifes-
tation of a wider variation of halo mass in bin IV. Unfortunately, we
could not verify this due to lack of sufficient number of halos within
the chosen volume when a narrow mass range is opted for bin IV.
We also repeat our analysis with different values of ωc and recover
the same trend. Finally, we note that the correlations between mor-
phology of SDSS galaxies and their large-scale environment are
more pronounced than the associations detected between angular
momentum of dark matter halos and their environment.
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